For purposes of forecasting the covariance matrix for the returns of crude oil and gold futures, this paper examines the effects of leverage, jumps, spillovers, and geopolitical risks, using their respective realized covariance matrices. In order to guarantee the positive definiteness of the forecasts, we consider the full BEKK structure on the conditional Wishart model. By the specification, we can divide flexibly the direct and spillover effects of volatility feedback, negative returns, and jumps. The empirical analysis indicates the benefits in accommodating the spillover effects of negative returns and the geopolitical risks indicator for modelling and forecasting the future covariance matrix.
Introduction
In the wake of recent financial market jitters, geopolitical risks, and a volatile financial and macroeconomic environment, following the Global Financial Crisis of [2007] [2008] [2009] , commodity markets have attracted international investor attention as a fundamental investment strategy (Bampinas and Panagiotidis (2015) ). In this regard, the focus has not only been on gold, which is widely-regarded as a "safe haven as it helps in avoiding financial and macroeconomic risks (Baur and Lucey, 2010; Baur and McDermott, 2010; Reboredo, 2013a Reboredo, , 2013b Agyei-Ampomah, Gounopolos, and Mazouz, 2014; Gürgün andÜnalmis, 2014; Czudaj, 2015, 2019; Balcilar, Gupta, Pierdzioch, 2016; Bilgin, Gozgor, Lau, and Sheng, 2018; Bouoiyour, Selmi, and Wohar, 2018) , but also on oil.
This is due to the recent financialization of the oil market which, in turn, has resulted in increased participation of hedge funds, pension funds, and insurance companies in the market. The oil market is now also considered as a profitable alternative investment in the portfolio decisions of financial institutions (Akram, 2009; Tang and Xiong, 2012; Silvennoinen and Thorp, 2013; Fattouh, Killian, and Mahadeva, 2013; Büyükşahin and Robe 2014, Bahloul et al., 2018) . Understandably, accurate forecasts of not only gold and oil market volatilities, but also co-volatility, due to strong evidence of volatility spillovers across these two commodities (Ewing and Malik, 2013; Mensi et al., 2013; Yaya, Tumala, and Udomboso, 2016; Twari et al., 2018) , are of paramount importance to investors in the pricing of related derivatives and for devising hedging strategies (Chang, McAleer, and Wang, 2018) . Note that, by definition, (partial) co-volatility spillovers occur when the returns shock from financial asset k affects the co-volatility between two financial assets, i and j, one of which can be asset k (Chang, Li, and McAleer, 2018) .
Not surprisingly, large number of studies have looked into forecasting not only the daily conditional volatilities of gold and oil based on univariate and multivariate models from the Generalized Autoregressive Conditional Heteroskedasticity (GARCH) family, but over the last decade, a burgeoning literature has focused on predicting realized volatility derived from intraday data, 1 using the Heterogeneous Autoregressive (HAR)-type model of Corsi (2009) (see for example, Pierdzioch, Risse, and Rohloff (2016) , Degiannakis and Filis (2017) , and Fang, Honghai, and Xiao (2018) for detailed reviews). Against this backdrop, given the evidence of significant volatility spillovers across the gold and oil markets, and the importance of geopolitical risks for asset markets (Car-ney, 2016) , the objective of this paper is to forecast both the volatilities and co-volatility of the two most-traded commodities by incorporating the role of spillovers and geopolitical risks into the model specification.
Note that, in a survey conducted in 2017 by Gallup of more than 1,000 investors, 75 percent of respondents expressed concerns about the economic impact of the various military and diplomatic conflicts occurring worldwide, ranking geopolitical risks ahead of political and economic uncertainty. Furthermore, the European Central Bank and the International Monetary Fund in their annual bulletins have recently also highlighted geopolitical uncertainty as a salient risk to the economic outlook (Caldara and Iacoviello, 2018) . Specifically speaking, we forecast realized volatilities and co-volatility of gold and oil futures derived from 5-minute intraday data over the period September 27, 2009 to May 25, 2017 by accounting for volatility spillovers and a news-based metric of geopolitical risks, as indicated above.
In addition, realizing the importance of jumps, that is, discontinuities, in the volatility processes of gold and oil prices (Sévi, 2014; Prokopczuk, Symeonidis, and Wese Simen, 2015; Demirer et al., 2019; Gkillas, Gupta, and Pierdzioch, 2019a) , we also investigate the impact of jumps by simultaneously accommodating leverage effects, in addition to spillovers and geopolitical risks, in forecasting the volatilities and co-volatility of gold and oil markets, following the econometric approach of Asai and McAleer (2017) (applied to three stocks traded on the New York Stock Exchange (NYSE)). While some recent studies (see, for example, Demirer et al. (2018) , Baur and Smales (2018) , Gkillas, Gupta, and Pierdzioch (2019b) , Plakandaras, Gupta, and Wong (2019)) provide some, albeit weak, evidence of the role of geopolitical risks in predicting (in-and out-ofsample) gold and oil price volatility, to the best of our knowledge, this is the first paper to forecast volatilities and co-volatility of the two markets by accommodating geopolitical risks, jumps, leverage, and spillovers simultaneously in a model. In this regard, our paper can be considered to be an extension of Asai, Gupta, and McAleer (2019) , in which the authors provided forecasts of the co-volatility of gold and oil using the information content of jumps and leverage.
The remainder of the paper is organized as follows: Section 2 explains the technique of Koike (2016) for disentangling quadratic covariation to continuous part and jump variation, and develops conditional Wishart models for guaranteeing the positive definiteness of forecasts of the covariance matrix. Section 2 also discusses estimation of the models, and tests the effects of leverage, jumps, spillovers, and geopolitical risks. Section 3 outlines the high frequency data of prices of crude oil and gold futures, and presents the empirical results. Finally, Section 4 provides some concluding remarks. 
where µ(s) is a 2 × 1 vector of continuous and locally-bounded variation processes, and σ(s) is the
Assume that the observable log-price process is the sum of the latent log-price process in equation (1) and the microstructure noise process. Denote the log-price process as
Consider non-synchronized trading times of the two assets, and let T and Θ be the set of trans- The observable log-price processes are given by:
where
Define the quadratic covariation (QCov) of the log-price process over [0, T ] as:
Then we obtain:
The first term on the right-hand side of (4) is the integrated co-volatility (ICov) matrix over [0, T ] , while the second term is the matrix of jump variability. We are interested in disentangling these two components from the estimates of QCov for the purpose of forecasting QCov.
There are several estimators for QCov and Icov (see the survey in Asai and McAleer (2017) ).
Among them, we use the estimators of Christensen, Kinnebrock, and Podolskij (2010) (4), where Ω t , C t and J t are positive (semi-)definite. We exclude E t in the empirical analysis.
In addition, we disentangle the observed return series into continuous and jump components by applying the technique of Aït-Sahalia and Jacod (2012). For purposes of notation, define the return for X as r x t = x t − x t−1 . Denote the continuous and jump components of the return as rc x t and rj x t , respectively. In the empirical analysis, we use returns for examining leverage and co-leverage effects on volatility and co-volatility, respectively. When the models include the ICov and jump components, we use the continuous return rather than the observed return itself.
Conditional Wishart Model
Let Ω t−h+1:t denote the h-horizon average, defined by:
where h = 5 and h = 22 give the weekly and monthly averages, respectively. In order to examine the effects of leverage, jump, and spillover effects, we consider the following structure for Ω t−h+1:t (h = 1, 5, 22): 
For specifying H t , we accommodate the effects of leverage, jumps, spillovers, and geopolitical , 5, 22) , and j t = vec(J t ). For the structure of H t , we consider six kinds of specifications:
where w, m, j, a) are 4 × 4 matrices of parameters, κ and λ 4 × 1 vectors of parameters, g t is a geopolitical risks indicator, For the parameters, we consider the BEKK (Baba, Engle, Kroner, and Kraft) specification (see Baba et al. (1985) and Engle and Kroner (1995) ) in order to guarantee the positive definiteness of H t . We suppress the subscript i of A * i (i = d, w, m, j, a) . In the BEKK specification, A * takes the following form:
,
, Engle and Kroner (1995) shows that there is no equivalent representation for the set of A k matrices. For the remaining parameters:
with k 11 > 0. By the specification, we obtain the alternative form of (11):
The BEKK structure (12) implies that H t for (6), (7), (9), and (10) is always positive definite.
When g t ≥ 0, the positive definiteness for (8) and (11) depends on the values of Λ. In order to reserve the possibility for the (i, i)th element of Λ to take negative values, we do not impose restrictions such as Λ =λλ ′ with a 2 × 1 vectorλ.
The models in (5) with (6), (9), and (10) are multivariate extensions of the volatility forecasting models of Andersen, Bollerslev, and Diebold (2007) and Corsi et al. (2010) . The model (5) and (6) with h = 1 belongs to the conditional autoregressive Wishart (CAW) model of Golosnoy, Gribisch, and Liesenfeld (2012) . As this specification uses the heterogeneous autoregression (HAR)
introduced by Corsi (2009) , we refer to equations (5) and (6) as the heterogeneous autoregressive conditional Wishart (HAR-CW) model. Equation (7) includes the spillovers of asymmetric effects, as in Kroner and Ng (1997) , which we refer to as the HAR-A-CW model. Model (5) with (9) decomposes the past values of Ω t into those of C t and J t , and accommodates the HAR terms of
Ct and the spillover effects of jump variation and co-variation.
The specification in (10) adds to (9) the spillovers of the leverage effects. We refer to equations (5) with (9) and (10) as the HAR-TCJ-CW and HAR-TCJA-CW models, respectively. Note that we use continuous returns for the HAR-TCJA-CW model, corresponding to the ICov in its specification. As (8) adds to (7) the effect of geopolitical risks, we refer to the model in (5) with (8) as the HAR-AG-CW model. In the same manner, we refer to the model in (5) and (10) as the HAR-TCJAG-CW model.
Instead of the above specifications, we may consider a regression model forώ t−h+1:t = vech(Ω t−h+1:t )
as:ώ
where e t is the 3 × 1 vector of disturbance,ć t−h: , w, m, j, a) are 3 × 3 matrices. The number of parameters in (13) is the same as the number of free parameters in (10). In other words, the BEKK structure produces a positive definite matrix using no additional parameters.
Estimation of CW Models and Tests for Effects of Spillover and Geopolitical Risks
model. The log-likelihood function is given by:
with m = 2, and Γ m (z) is the multivariate gamma function defined by:
We obtain the maximum likelihood estimator,θ, by maximizing the log-likelihood function (14).
We can establish the asymptotic normality of the maximum likelihood estimator for the con- For examining the effects of leverage, jumps, spillovers, and a geopolitical risks indicator, we use equations (6)-(11). Define the null hypotheses as H there is no effect on the (k, l)th element of H t . Table 1 shows the null hypotheses to be tested in our empirical analysis. We carry out Wald tests for the hypotheses H kl,v 0 (k, l = 1, 2), while we use t tests for the remaining hypotheses. The
Wald statistics have the asymptotic χ 2 (3) distribution under the respective null hypotheses.
Empirical Analysis
We consider the effects of jumps, leverage, spillovers, and geopolitical risks for two futures contracts traded on the New York Mercantile Exchange (NYMEX), namely West Texas Intermediate (WTI)
Crude Oil and Gold. The trades at NYMESX cover 24 hours with the CME Globex system. Using the future prices every 5-minute, we calculate Ω t , C t , and J t by the approach of Koike (2016) , as the estimates of the matrices of quadratic co-variation, integrated co-volatility, and the matrix of jump co-variations, respectively. We also calculate the corresponding open-close returns and their continuous components, r t and rc t , respectively, for the two futures.
The sample period covers September 27, 2009 to May 25, 2017, giving 1978 observations. Table 2 presents the descriptive statistics for r t and C t . The empirical distribution of the returns is highly leptokurtic, while that of volatility is skewed to the right, with heavy tails. Figures 1 and 2 display the times series plots of returns and the estimates of quadratic variation, integrated volatility, and jump variation. The values jump variations are relatively small for most days, but there exist obvious non-negligible variations. Figure 3 illustrates the product of two returns, the estimates of quadratic co-variation, integrated co-volatility, and jump co-variability. Figure 3 implies the time series dependence on QCov and ICov can be found, especially for the year 2011.
Our measure of geopolitical risks, is based on on the work of Caldara and Iacoviello (2018) . The Wall Street Journal, and The Washington Post). They then calculate an index by counting, in each of the above-mentioned 11 newspapers, the number of articles that contain the search terms 3 related to geopolitical risks for every day. Figure 4 shows the time series plot of the geopolitical risks indicator.
In the following, we consider two kinds of periods for estimation and forecasting. Period 1 2 The data can be downloaded from: https://www2.bc.edu/matteo-iacoviello/gpr.htm. 3 The search identifies articles containing references to six groups of words: Group 1 includes words associated with explicit mentions of geopolitical risks, as well as mentions of military-related tensions involving large regions of the world and a U.S. involvement; Group 2 includes words directly related to nuclear tensions; Groups 3 and 4 include mentions related to war threats and terrorist threats, respectively; Groups 5 and 6 aim at capturing press coverage of actual adverse geopolitical events (as opposed to just risks) which can be reasonably expected to lead to increases in geopolitical uncertainties, such as terrorist acts or the beginning of a war. We treat crude oil futures as the first variable, and gold futures as the second. Table 3 reports AIC and BIC for six models with respect to six kinds of covariance matrices over 2 periods. For the daily covariance model, AIC chose the HAR-TCJA (HAR-TCJAG) model for Period 1 (Period 2), while the HAR-A-CW model has the smallest BIC. Regarding the weekly covariance model, AIC selected HAR-A-CW, and HAR-CW has the smallest BIC for both periods.
For the monthly covariance model, HAR-A-CW has the smallest AIC and BIC for both periods.
The results indicate that including leverage effects often improves the information criterion, and that accommodating the geopolitical risks indicator can improve the daily covariance model. Table 1 , we first examine the direct effects on volatility from its past volatility, jumps, and negative returns. The null hypotheses are H
Among the hypotheses listed in
, with the parameters defined in equations (6)-(11). Table 4 shows the results of the direct tests for the daily covariance model. Tables 5 and 6 report the results for the direct tests for the weekly and monthly covariance models, respectively. All test statistics reject the null hypotheses of no effects at the five percent level, except for a * 44,a = 0 for the second period of the monthly covariance models with jumps. Note that, even for this case, a * 44,a is significant for the models without jumps. The results indicate that the effects of jumps and negative returns are positive and significant in explaining future volatility.
Second, we examine the spillover effects. Tables 7-9 show the results for the tests for spillover effects for the daily, weekly, and monthly covariance models, respectively. In most cases, the test statistics are insignificant at the five percent level. The exceptions are found in several cases for the null hypothesis H 12,a 0 : a * 14,a = 0. The result that a * 14,a > 0 shows that a negative return of gold futures increases the one-step-ahead volatility of crude oil futures. When the fluctuations in returns of the gold futures are high, the negative returns may affect the volatility of crude oil futures.
Third, we investigate the effects of geopolitical risks based on the HAR-AG-CW and HAR-TCJAG-CW models. Table 9 shows the t-test statistics and P -values. For the daily covariance model, λ 11 is significant for three of four cases, but the sign is indeterminate. Regarding the weekly covariance model, λ 11 is significant for the HAR-AG-CW model. For the monthly covariance model, γ 11 is significant for three of four cases, and λ 12 is significant in one case. In Table 9 , λ 22 is insignificant in all cases. The result λ 11 ̸ = 0 indicates that the geopolitical risks tends to affect the future volatility of crude oil.
For in-sample estimation, there is no spillover effects from volatility and jumps. Instead, we often found spillovers from negative returns of gold futures to volatility of crude oil futures.
Regarding the geopolitical risks indicator, the empirical results show that part of the variation of the future volatility of crude oil futures can be explained by the indicator.
We compare out-of-sample forecasts of six kinds of CW models. We estimate each model using the first 1000 observations, and obtain a forecast,Ω f 1001 We re-estimate each model fixing the sample size at 1000, and obtain new forecasts based on the updated parameter estimates.
For comparing the out-of-sample forecasts, we extend the idea of Patton (2011) for univariate volatility models. Patton (2011) examined the functional form of the loss function for comparing volatility forecasts using imperfect volatility proxies, such that the forecasts are robust to the presence of noise in the proxies.
As an extension of Patton (2011), we state that a loss function is "robust" if the ranking of any two forecasts of the co-volatility matrix,Ω
(1)
T +j , by expected loss is the same whether the ranking is performed using the true covariance matrix or an unbiased volatility proxy,Ώ t . In the univariate case, Patton (2011) showed that squared forecast error and quasi-likelihood type loss functions are robust to the forecast error and the standardized forecast error, respectively.
We consider their multivariate counterparts, as follows:
which are expected to be robust to the forecast error,Ω
T +j −Ώ t , and the standardized forecast error,Ώ
−1 tΩ (i)
T +j , respectively. Table 11 shows the results of MSFE and QLIKE for the six models for 2 periods and the total period. For forecasting the future covariance matrices, MSFE and QLIKE selected the models without jumps. For forecasts of the daily and weekly covariance models, the HAR-A-CW model often has the smallest MSFE and QLIKE. Regarding the monthly covariance model, the HAR-CW and HAR-A-CW models are competitive, but the differences are negligible.
Concluding Remarks
In this paper, we investigated the effects of leverage, jumps, spillovers, and geopolitical risks on forecasting the covariance matrix for the returns of crude oil and gold futures. For this purpose, we considered the Conditional Wishart (CW) model with a full BEKK specification to guarantee positive definiteness of the covariance matrix and flexibility of the parameters simultaneously.
The specification enables us to distinguish the direct and spillover effects of volatility feedbacks, negative returns, and jumps. In the empirical analysis, we used five-minute data of crude oil and gold futures to estimate the quadratic covariation, the continuous covariance matrix, and the matrix of variations of jumps.
It was found that: (i) there are no spillover effects from volatility and jumps; (ii) negative returns of gold increase the future volatility of crude oil, (iii) it is better to use previous values of the quadratic covariation than its continuous and jump components for forecasting the covariance matrix; and (iv) accommodating the geopolitical risks indicator often improves the forecasts of the future volatility of crude oil. The CW model can be improved by combining the structures of the Full BEKK model and the Diagonal GARCH model of Ding and Engle (2001) . In other words, we may use the structure of the Diagonal GARCH model for volatility feedbacks (and jumps), while we consider the Full BEKK specification for the spillover effects arising from the negative returns. This remains a topic for future research.
The innovative technical developments and empirical findings in the paper have important implications for modelling and testing the statistical significance in forecasting both the volatility and co-volatility of (gold and oil) futures returns, and the associated impacts of leverage, jumps, spillovers and geopolitical risks. As the use of intraday data can produce more accurate estimates and forecasts of daily (realized) volatility, the paper examined the use of 5-minute data to evaluate the empirical performance of alternative models to forecast covariance matrices. Consequently, when (co-)volatility is interpreted as (joint) uncertainty, it becomes a key input to investment decisions and portfolio choices (Poon and Granger, 2003) . The modelling strategy proposed in the paper and the associated empirical results should be of immense value to portfolio managers in gauging accurately the risks of investing in multiple assets and in constructing optimal portfolios. No effect from geopolitical risks index to co-volatility of (X, Y ) Note: Figure 4 shows the share of the daily geopolitical risks indicator suggested by Carldara and Iacoviello (2018).
